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This is an open-book examination. Total time allowed for this exam is 90 min.

Indicate which of the following expressions is valid (i.e. left hand side equals
right hand side) under all conditions within the IEEE standard for floating point
arithmetic. You must justify your answer whether you think the expression is

valid or invalid.
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Answer: Note: these expressions were taken from the C-language
standard where they were given as guidelines for compiler writers on
what can be optimized without problem and what cannot.

o /2=1xx%0.5

Although similar transformations involving inexact constants
generally do not yield numerically equivalent expressions, if the
constants are exact then such transformations can be made on
IEEE 754 compliant machines and others that round perfectly.

o lxx=zx/l==x

The expressions 1 * x, x / 1, and x are equivalent for the same

reasons as above.

o x/x#1.0

The expressions z/x and 1.0 are not equivalent if z can be zero,

infinite, or NaN.
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Answer:

e r—y=z+(-y =(-y+uz
The expressions x—y, £+ (—y), and (—y)+z are equivalent since

the subtraction is treated as a negation followed by addition and
those operations are still commutative.

Note that commutativity is valid for two operands only. If three
terms should be summed then commutativity is not always valid
for example 1.0 x 102 — 1.0 x 10% + 1.0 x 10% # 1.0 x 10%° +
1.0 x 102 — 1.0 x 10%.

e r—y#F-(y—2
The expressions x — y and —(y — x) are not equivalent because
1—11is 40 but —(1—1) is —0 (in the default rounding direction).

o zr—x#0
The expressions © — x and 0.0 are not equivalent if z is a NaN
or infinite.

o Oxx#0

The expressions 0 x x and 0.0 are not equivalent if x is a NaN,
infinite, or -0.

e zx+0#=x

The expressions x+0 and x are not equivalent if x is -0, because
(—0) + (+0) yields 40 (in the default rounding direction), not
—0.

e z—-0#z

(+0) — (4+0) yields —0 when rounding is downward (toward
—00), but +0 otherwise, and (—0) — (4+0) always yields —0.
Hence, the expression is not always valid under all rounding
directions and the compiler should not make this optimization
unless the rounding direction is guaranteed not to be towards
minus infinity.

° —x#0—=x
The expressions —x and 0 — z are not equivalent if x is 40, be-

cause —(+0) yields —0, but 0 — (40) yields 40 (unless rounding
is towards minus infinity).

2. Several authors suggested the use of the residue number system in low power
applications. An embedded system has an RNS adder for the calculation of the
hours, minutes and seconds.
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(a) If any integer modulus is permitted, choose the best set to represent each of
the three fields (hours, minutes and seconds). Please state the reasons for
your choice.

(3 marks)

Answer: The required range to represent the hours is 24 while that
for the minutes and seconds is 60. If any integer modulus is permitted
then the sets are chosen as:

Hours 8x3 =24
Minutes 5 x4 x3 =60
Seconds 5 x4 x3 =60

These sets represent the required range exactly, use the minimum
total number of bits for each range, and minimize the longest carry
propagation delay.

(b)  Show how the following operation is performed:

hours minutes seconds
13 10 55
+ 10 12 04

(3 marks)

Answer: The operation

hours minutes seconds

13 10 55
+ 10 12 04
23 22 99

is performed as:

hours minutes seconds
(5,1) (0,2,1) (0,3,1)
+ (2,1) (2,0,0) (4,0,1)
(7,2) (2,2,1) (4,3,2)

The results of the RNS operation correspond to 23h 22m 59s.

(¢)  Can you think of a problem that exists due to the use of RNS in such a
system? You do not need to solve it, just state it. (Hint: add big numbers.)

(2 marks)
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Answer: If large numbers are added then an overflow may occur
and a carry from the seconds to the minutes or the minutes to the
hours might be needed. This overflow is not easily detected in residue
number systems.

()

Why do you think those authors suggested RNS for low power applications?
(2 marks)

Answer: In CMOS circuits, any node that switches its value con-
sumes power. The limited carry propagation in RNS reduces the
amount of node switching and hence is suitable for low power appli-
cations. From another point of view, a system that is inherently faster
than another one (RNS faster than binary) can be run at a lower clock
frequency to achieve the same results while consuming less power.
Note: Some of you suggested the use of 7 x 4 = 28 for the hours.
This set uses the minimum total number of bits and minimizes the
longest carry propagation delay. However, it does not represent the
required range exactly. This complicates the circuits slightly since we
must implement a block for modulo M=24. Otherwise, 15+ 10 = 25
and not 1 as expected in the hours of a clock. I accepted this solution
from those who wrote it but I would like to remind you that the exact
representation of the range has its own merit.

3. You are given the following arrangement of partial product bits where z; = 1 —x;
and a; = 1 — q;.

Q4 as a2 ai Qo
X Ty I3 i) T Zo
a4To 3Ty ATy QA1To ApLo
41 QA3T1 A2X1 A1T1 Aoy
4Ty Q3T2 A%y G1T2  AoT2
4T3 A3T3 AaT3 Q1T3  QAoT3
4Ty Q3T4 Q2T4 A1T4 QT4
EL4 0 0 0 ay
1 f4 0 0 0 T4
Po  Ds pr7 Ps Ps P4 b3 P2 p1 Do

Prove that this arrangement produces the correct product of two five bits

two’s complement operands.

(4 marks)
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Answer: Several proofs are possible. Any correct proof gets the full
mark. Here is one solution.

Since r; = 1 — x; then the top left corner of the array is equal to
as(1 — z9) = a4 — aqwo. Similarly, the one the term on a diagonal
below it and to the left is equal to ay — asx;. We can continue to
rewrite all the elements containing the complement of a bit in this
manner to get

aq as a al ao
X x4 x3 x2 X1 Zo
a4 — a4x0 azxo a2xo ai1xo aoxo
a4 — 41 azxry ag2x1 ajlxry apgxry
a4 — a4x2 azxa a2x2 a1xr2 agr2
a4 — A4x3 azxrs agx3 alxs apxrs
aqx4 T4 — A3T4 X4 — a4 T4 —a1T4 T4 — apT4g
1—aq 0 0 0 a4
1 1—x4 0 0 0 T4
P9 Dps D7 D6 D5 D4 D3 P2 D1 Do
which is then rearranged as
Q4 as ) a 0
X Ty T3 To T X

—QaqXy asz3rg Ay A1 Qoo
—a4qT1 asxrq Ao21 A1X1 Qo1
—Qa4T2 asxo (0505} 12 QApl2
— Q4T3 asxs o3 ai1xs apls

4Ty  —Q3T4 —QA2T4 —A1T4 —QoT4

Q4 Q4 Qy Q4

1— ay 0 0 0 ay

Ty Ty Ty Ty

1 1-— T4 0 0 0 Ty
P9 Ps pr Ps Ps 2 p3 P2 yai Po
If =4 is equal to either zero or one the last two rows reduce to
1100 ---. Similarly, the previous two rows always reduce to
0100 ---. However, the position of those resulting ones is such

that they add up to overflow as a carry that is neglected and produce
a zero in the range of bits representing the product. Hence, the array
is equal to:

aq a3 asz ay ag
X x4 T3 xr2 Tl o
(—as4)xo azxo a2x0 ai1xTo GoLo
(—aq)x: asry azr1  a1xT1 a1
(—a4)x2 a3z azx2 a1r2  apT2
(—aq)z3 azx3 a3 a1r3 apr3
(—aa)(—z4) az(—24) az(—z4) a1(—x4) ao(—z4)
P9 b8 p7 P6 Ps P4 p3 p2 p1 Po

where we used the fact that ayzy = (—ay)(—x4).

Since in the two’s complement format the value of the most significant
bit is negatively valued, this resulting array effectively produces the
product of two five bits operands.

Page 5 of 6



()

Answer: It has n + 2 rows and 2n columns.

If the operands were n bits long each, how many rows and columns does
such a multiplier have?

(1 mark)

What are the formulas for obtaining the partial product bit at row ¢ and
column 57?7

(4 marks)

Answer: The values of ¢ go from 0 to n + 1 while the values of j go
from 0 to 2n — 1. The bit pp; ; at row ¢ and column j is given by

Range of i Range of j DPij
i<n—1 0<j5<i 0
1<j<i+n-—1 aj_z;
]:2+n—1 aj,ii’i
t+n—1<y 0
1=n—1 0<j5<1 0
j:Z+n—1 aj_imi
t+n—1<y 0
i=n Jj=n-—1 (1
j=2n-—2 Ap—1
all other j 0
i=n+1 j=n-—1 Tp_1
j=2n—2 Tp—1
j=2n-1 1
all other j 0

Briefly compare this multiplier from the area and speed points of view to
the parallel multipliers that you studied.

(1 mark)

Answer: This multiplier requires more area since it has more rows
than the standard multipliers. The additional rows also increase the
time delay of this multiplier making it probably slower than the stan-

dard multipliers.
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